We compare solutions of the quantum string Bethe equations with explicit one-loop calculations in the sigma-model on AdS 5 × S 5 . The Bethe ansatz exactly reproduces the spectrum of infinitely long strings. When the length is finite, we find that deviations from the exact answer arise which are exponentially small in the string length.
Introduction
The string sigma-model in AdS 5 × S 5 [1] is integrable [2] and is presumably solvable by means of a Bethe ansatz [3, 4, 5, 6 ]. Ultimately we want to understand closed strings with periodic boundary conditions over a finite range of the world-sheet coordinate. This is not an easy task from the Bethe ansatz perspective. It is usually simpler to solve the theory on an infinite line, when one can define asymptotic states and use bootstrap to find the scattering matrix [7] . The diagonalization of the S-matrix then determines the spectrum via the asymptotic Bethe equations. Such Bethe equations are approximate for a system of finite size. They do not capture effects of vacuum polarization by particles that travel around the circle [8] . Circumventing this problem is in principle possible, but requires the use of more complicated algebraic techniques [9] .
The currently known Bethe equations for quantum strings in AdS 5 × S 5 [4, 6] are of this asymptotic type. They are determined by the S-matrix [10] and would have a chance to be exact only if interactions on the world-sheet were ultra local, which is not the case: the scattering states are arguably solitons of finite size (giant magnons) [11] and we also expect that bare point-like interactions are smeared over a finite range by vacuum polarization. This Casimir-type effect is expected to produce exponential corrections to the energy levels in the large-volume limit [8] . Exponential terms were indeed seen in the one-loop energy shifts for macroscopic spinning strings [12, 13] and in the dispersion relation of a single giant magnon [14] .
Our goal is to understand how good an approximation the asymptotic Bethe ansatz for strings of finite length is. To do that we shall study quantum corrections to a specific class of spinning string solutions described in appendix A. One-loop corrections to these solution are known [15] and were compared to the predictions of the Bethe ansatz in our previous paper [16] . The discrepancies found there were finite rather than exponential. It was later realized that the Bethe equations themselves are modified by quantum effects [17] . The one-loop correction factor was found in [18] and we will update our calculation to take this factor into account.
In string theory, the range of the world-sheet coordinate is a gauge-dependent quantity. It should not be confused with the proper size of the string in the target space, which can be very small even for strings with infinite world-volume. However, in any physical gauge (light-cone, temporal, or the like) the internal length of the string is naturally identified with the targetspace momentum measured in the units of α ′ [19] : The string grows in size when the momentum becomes large [20] . For the states that we shall consider the length is 2πJ = 2πJ/ √ λ, where J is the angular momentum on S 5 (dual to the R-charge in N = 4 super-Yang-Mills theory) and λ = g 2 YM N is the SYM 't Hooft coupling. In the decompactification limit J → ∞, one is left with the sigma model on a line with the coupling constant 2π/ √ λ. 1/ √ λ plays the role of the loop counting parameter in the sigma-model. The usual perturbation theory then yields a power series in 1/ √ λ for the energy spectrum: E = √ λ E + δE + . . ..
Finite-size corrections
The energy, as a function of the string length, can be expanded at J ≫ 1 as [17, 12, 8, 13 ]
It is known that the string Bethe ansatz reproduces all orders in 1/J (all f l 's) exactly [16, 17] 2 . For the reasons explained in the introduction we expect exponential corrections to also arise.
To see how that happens, let us begin with a simple example: the zero-point energy of N massive bosons and fermions in two dimensions with twisted boundary conditions
The sum converges if
In addition, the summation should be performed symmetrically in n → −n if any of the γ i 's is non-zero. In what follows we will only encounter the usual Neveu-Schwarz/Ramond boundary conditions, which correspond to all γ i = 0 (R) or to γ i = 0 for bosons, γ i = 1/2 for fermions (NS). We denote the zero-point energy by F R and F N S in these two cases. To treat them on equal footing we first consider the general twisted expression (2.2).
The parameters µ i in (2.2) are masses measured in the units of length: µ i = m i L/2π. Hence the large-volume limit is µ i → ∞. The summation over mode numbers can then be replaced by momentum integration to a first approximation
As expected, the macroscopic part of the zero-point energy does not depend on the boundary conditions. The macroscopic zero-point energy is obviously not exact. The finite-size corrections can be taken into account by Poisson resummation
which yields
1 Here we concentrate on the one-loop quantum correction to the energy, leaving aside the classical part. 2 Incidentally, the 1/J expansion resembles perturbative series in λ since 1/J 2 = λ/J 2 . However, fractional powers of λ also appear starting from O(1/J 5 ) ("2.5 loops") [17] .
In the NS/R case,
Since the modified Bessel function behaves as
at large values of the argument, the finite-volume corrections are exponential.
Semi-classical strings
The one-loop energy shift for any rigid-string solution is given by the sum over frequencies of fluctuation modes
We consider a specific class of solutions which are characterized by angular momentum J and winding number m on S 5 and by spin S and winding number k in AdS 5 . The parameters of the solution are related by
One of the winding numbers must be negative, and for definiteness we choose m > 0 and k < 0. The explicit form of the solution is described in Appendix A. The frequencies of normal modes for this solution were computed in [15] and are rather complicated functions of J = J/ √ λ and S = S/ √ λ. In particular, half of the bosonic frequencies is known only implicitly as the roots of a particular fourth-order polynomial. In order to proceed we make a further simplifying assumption. Namely, we consider the limit
and systematically drop O(1/k) corrections. The solution considerably simplifies in this limit. The sum over frequencies reduces to the free-field expression considered in the previous section
The first two terms represent the classical, O( √ λ) energy of the spinning string. The rest is the O(1) one-loop quantum correction δE. The spectrum consists of eight degenerate fermions with mass J (J + m), four bosons with mass √ J 2 − m 2 , and four bosons with mass J + m. The spectrum satisfies the convergence conditions (2.3). The large-winding limit is slightly irregular: the fermion modes are integer (R) for even k, and half-integer (NS) for odd k. The boundary conditions evidently do not affect the macroscopic part of the zero-point energy, but do affect the finite-size corrections 5 . Using (2.7), (2.8) and (2.9) we find that at large J the one-loop correction to the energy indeed has the form (2.1):
where the upper (lower) sign corresponds to k even (odd). The first line is the infinite-length limit of the string quantum correction. It is obtained by replacing the sum over the string modes by the momentum integral. The exponential term can be extracted from the Bessel functions in (2.7), (2.8).
Quantum string Bethe ansatz
The solution we consider belongs to the sl(2) sector, Bethe equations for which read [5, 6] 
The state with spin S is characterized by S Bethe roots x k . All Bethe roots are real. x ± k are defined by
The Bethe equations contain a dressing phase of the following general form [4] θ(
where the function χ(x, y) is defined as power series
c r,n (r − 1) (r + 2n) 1 x r−1 y r+2n (4.4) 5 The true boundary conditions on the world-sheet fermions are always periodic as required by supersymmetry. Half-integer quantization of the fermion modes at odd k effectively arises as a result of interaction with the background. In fact, fermion modes are integers or half-integers only for infinite k. In general the twist parameter γ, common to all fermion modes, is a complicated algebraic function of k, J and m [15] . This said, we will still refer to different mode-number quantization for even/odd k as coming from R/NS boundary conditions.
The coefficients c r,n are known to the first two orders in 1/ √ λ [4, 18, 22] c r,n = δ n 0 − 8 √ λ (r − 1) (r + 2n) (2r + 2n − 1) (2n + 1)
.
The one-loop term was proposed in [18] and passes a number of consistency tests: it is universal for all sectors [23] 6 , and it satisfies [24] the crossing-symmetry relation [25] . In the scaling limit of large J, S, and λ, the number of Bethe roots goes to infinity, but each x k remains finite. The distance between x k and x k+1 , however, goes to zero as 1/ √ λ, so that the Bethe roots form a continuous distribution, which can be characterized by the density (4.6) or by the resolvent
In the scaling limit, the Bethe equations reduce to an integral equation for the density or, for the simplest class of solutions that we consider here, to an algebraic equation for the resolvent. These classical Bethe equations can be derived from the equations of motion of the string, and encode all information about periodic solutions of the sigma-model [3] . The discreteness of the quantum Bethe equations leads to an anomalous order 1/ √ λ correction to the classical equations [26] . The anomaly contribution was computed in our previous work [16] . Another source of 1/ √ λ corrections is the O(1) term in the dressing phase (4.5). Taking both corrections into account we obtain
(4.8) The "external potential" V (z) is calculated in appendix B (eq. (B.5)).
Neglecting the right hand side of (4.8) we get the classical solution
where
Consistency requires that the polynomial P (z) has a double root
The resolvent then is an analytic function on the complex plane with a single cut between two other roots of P (z). The density is defined on this cut and has a typical square-root form:
The equations (4.11) determine the energy as a function of charges: E = E(J , S) in a parametric form. It can be shown that (4.11) are equivalent to (A.4) [16] . The correction term in (4.8) shifts the energy by O(λ 0 ). The shift can be calculated from the one-cut consistency condition on the resolvent. The details of the calculation can be found in [16] . Here we just give the result, valid for any external potential V (z):
With the explicit form of the potential from (B.5), we get
This expression is valid even at finite k, but is difficult to handle. Let us now take the large winding limit. At large k the density is highly peaked at x ≈ −1, and it is necessary to introduce the rescaled variable v:
14)
The parameter c behaves as
and the density becomes [16] 
The single integral in (4.13) (the second line) can be done [16] :
(4.17)
The double integral can be also calculated analytically, leading to
in which we can recognize the non-exponential part of the exact answer (3.5). Let us compare (4.18) with the exact energy shift (3.4) numerically. Since the difference is only exponential, it should be numerically small even for J ∼ 1. But in our case J cannot be smaller that m. In fact, one of the bosonic modes becomes massless at J = m , which means that the correction terms in (2.6) cease to be exponentially suppressed. To our surprise, we found that the difference between (4.18) and (3.4) never gets larger that 10% ( fig. 1 ), even very close to the massless limit.
Conclusions
We conclude that the Bethe equations (4.1) are asymptotic and describe the string spectrum with an exponential accuracy as long as the string length is sufficiently large. The corrections to the asymptotic energy levels are of order exp(−2πJ/ √ λ). Similar correction arise at weak coupling due to the wrapping interactions in the SYM [27] , which start to affect the energies (anomalous dimensions) at order λ J = exp(− ln(1/λ)J). It would be interesting to understand how the exponent in the finite-size corrections interpolates between ln(1/λ) at λ → 0 and 2π/ √ λ at λ → ∞. Can more sophisticated Bethe equations reproduce the exact spectrum of the closed string with periodic boundary conditions? Literature on integrable field theories in finite volume is vast: [28, 9] contains a necessarily incomplete selection of references. Perhaps extra, "particle" degrees of freedom, such as those in [29, 30] , are necessary to correctly account for the finite-size effects. Or maybe one should start from a pseudo-vacuum with all anti-particle levels empty and then carefully fill the Fermi sea in the finite volume [31] . It is not clear to us what could play the role of the Bethe particles on the world-sheet, or how to define the pseudo-vacuum in the AdS string theory, but it would be definitely interesting to repeat the semiclassical calculations of this paper in the context of the truncated models [29, 31] for which these questions have been answered. 
